Mathematica 11.3 Integration Test Results

Test results for the 29 problemsin "6.6.1 (c+d x)*m (a+b csch) n.m"

Problem 3: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c +dx) Csch[a+bx] dx
Optimal (type 4, 50 leaves, 5steps):

2 (c+dx) ArcTanh[e®®*]  dPolylog|2, -e*®*] dPolylLog|2, e®P*]
b b2 : b?

Result (type 4, 174 leaves):

cLog[Cosh[§+b7x]] cLog[Sinh[§+b7XH 1

- + + —

b b b2

d|-a Log[Tanh[1 (a+bx)]] -1 ((ia+ibx) (Log[1-e! (#a+i0x) | _log[1+e! (FasiPx) ])
2

i (PolylLog[2, -e' (12 1PX) ] _polylog|2, e! (12712X ]))

Problem 6: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dx)2Csch[a+bx]2dlx

Optimal (type 4, 74 leaves, 5steps):
(c+dx)2 (c+dx)2Coth[a+bx} 2d (c+dx) Log[1-e?(@®X ] d2polylog|2, e? (2% |

+ +

b b b2 b3

Result (type 4, 277 leaves):
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- ((2cdcCschla] (-bxCosh[a] +Log[Cosh[bx] Sinh[a] +Cosh[a] Sinh[bx]] Sinh[a])) /
(b* (-Cosh[a]®+Sinh[a]?))) +§

Csch[a] Cschla+bx] (c*Sinh[bx] +2cdxSinh[bx] +d*x*Sinh[bx]) +
(dz Csch[a] Sech[a] (7b2 efAr‘cTanh[Tanh[a]] X2 +
(i (-bx (-7 +2iArcTanh[Tanh[a]]) - wLog[1+e?®*| -2 (i bx+iArcTanh[Tanh[a]])

Log[1 - et (1bxiArcTanh(Tanh(al]) |, ;| og[Cosh[bx]] + 2 i ArcTanh[Tanh[a]]
Log[i Sinh[bx +ArcTanh([Tanh[a]]]] + i Polylog[2, e* (*Px+iArcTanh(Tanhlal]) )

Tanh[a])/( 1-Tanh[a]? ))]/ (b3 \/Sech[a12 (Cosh[a]?-sinh[a]?) )

Problem 10: Result more than twice size of optimal antiderivative.

J(c+dx)2Csch[a+bx]3d1x

Optimal (type 4, 154 leaves, 9 steps):
(c+dx)*ArcTanh[e?®*]  d2ArcTanh[Cosh[a+bx]] d (c+dx)Cschla+bx]

b b3 ) b2 .
(c+dx)2Coth[a+bx1 Cschfa+bx] d (c+dx) Polylog|2, -e®"®X]
2b : b2 )
d (c+dx) Polylog|2, ea*bx} d? Polylog[3, -e*®*| d2PolyLog[3, ePx]
+

b2 b3 b3

Result (type 4, 420 leaves):

_d (c+dx) Cscha] X (-c®-2cdx-d*>x?) CSCh[% bTX]Z .

b2 8b

% (-b?c? Log[1-e®®*]| +2d? Log[1-e®®*| -2b’ cdxLog[1-e®®X] -
2b

b? d? x? Log[1 - €®**] + b? c? Log[1 + e®'®*] - 2d? Log[1 + e*'P*] +

2b*cdxLlog|[1+e®®*] +b>d?x? Log[1+e®®*| +2bd (c+dx) PolylLog[2, -e®®*] -

2bd (c+dx) PolyLog[2, e***| - 2d? Polylog[3, -e®®*] + 2d? PolyLog|3, e®*X]) +
(-c?-2cdx-d*x?) Sech[ 7"]2 Csch[i]Csch[ 7"} (cdSinh[T}erZXSl h[%})

+ +

8b 2 b2
+2%] [cdsinh[®*] +d?xSinh[°X]]

Sech| é] Sech|

2 b?

Problem 11: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dx) Csch[a+bx]3dx

Optimal (type 4, 92 leaves, 6 steps):
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(c+dx) ArcTanh[e®®*]| dCsch[a+bx]
b ) 2b2
(c+dx) Coth[a+bx] Csch[a+bx] dPolylog[2, -e*®*] dPolylog|2, "]
2b ' 2b? ) 2 b2

Result (type 4, 332leaves):
dszch[§+bTx]2 cCsch[%(aerx)]2 cLog[Cosh[%(a+bx)H cLog[SinhE(a+bx)H

— — + — —

8b 8b 2b 2b

%d -a Log[Tanh[1 (a+bx)]] -1 ((ia+ibx) (Log[l-e' @ ibX) ] _|og[1+e" (FaribX) )
2b 2

i (PolyLog[z, _et (1'1a+1'1bx)] —PolyLog[Z, et uaqu)”) _

deech[ierTX]z 7 cSech[i (a+bx)]2 ) dCsch[g] Csch[§+b7x] Sinh[bz—x] )
8b 8b 4 b?
dSech[i] Sech[§+ bz—x] Sinh[t’z—x]
4 b?

Problem 17: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(e+fx)?Coshc+dx]
j dx

a+bCschc+dx]

Optimal (type 4, 448 leaves, 17 steps):

b f£x)3L 1, —aes®
b(e+-Fx)4 6 3 Cosh[c +dx] 3'F(e+'Fx>2Cosh[c+dx} e+ fx) og| +b-m]
4a2'F ad4 adz azd
b (e+fx 3L0g 1 _aetdx 3bf (e+fx 2P01yLOg 2, - a ecrdx
(or ) toalt ) 2oT et robniorla, )
azd a2d2
3bf (e+fx)%Polylog|2, - —2<=% 6bf2 (e+fx) PolyLog[3, - —2<=
( + ) y g[ > b+m] ( + ) y g[ , bi\/ahibz}
a%d? ’ a2 g3 *

c+d x c+dx

6bf2 (e+fx) Polylog[3, - —2¢ 6 b 3 Polylog|4, - —2¢

W ] e }

a2 d3 a2 d*

ecwdx

6 b f>PolyLog|4, - —* ] 3
bis/a21b? 6 2 (e+-Fx> Sinh[c +dx] (e+-Fx) Sinh[c +dx]
+ +

a%d* ad? ad

Result (type 4, 1635 leaves):
1

2a%d® (a+bCsch[c+dx])

ef?Csch[c+dx]



4 | Mathematica 11.3 Integration Test Results for 6.6.1 (c+d x)~m (a+b csch)”~n.nb

2 c+d x a(Ezc»fdx
| -12bdxPolylog|2, -
be- (a2+b2> e%¢ bet+ <a2+b2) e?¢

ae

-12bdxPolylog|2, -

|+

e |2bd?e‘x®-6aCosh[dx] +6ae? Cosh[dx] -6adxCosh[dx] -6ade?cxCosh[dx] -

a (EZ c+d x

3ad*x?Cosh[dx] +3ad? e’ x?Cosh[dx] -6bd?e®x* Log[1+

}_
be- (a2+b2> e%¢

5 5 a eZc+dx a <e2c+dx
6bd? e x? Log[1 + | +12b e PolyLog[3, -

b e+ (a2+b2> e?¢ b e - (a2+b2) e?¢

|+

a ez c+d x

12b e Polylog|3, - | +6asinh[dx] +6ae’“Sinh[dx] +

be+ (a2+b2) e?¢

6adxSinh[dx] -6ade?“xSinh[dx] +3ad?>x?Sinh[dx] +3ad?e®®x?Sinh[dx]

1
(b+asinh[c+dx]) + 3 Csch[c +dx]
4a’d* (a+bCsch[c+dx])
a 2c+dXx
-12bd? x? Polylog|2, - c |+
b e - (a2+b2) e?¢

e |bd*e‘x*-12aCosh[dx] -12ae?“Cosh[dx] -12adxCosh[dx] +12ade?¢x Cosh[dx] -

6ad’>x?Cosh[dx] -6ad?e?®x?Cosh[dx] -2ad3x®>Cosh[dx] +2ad®e?®x®Cosh[dx] -

a 2c+d x a 2 c+d x
4bd® e x® Log |1+ c | -4bd® e x® Log |1 + < | -
bet -/ (a%+b?) e2¢ be+./ (a%+b?) €€
2 c+d x
2 cy2 ae c
12b d? e x? PolyLog|2, - | +24bdecx

b e+ (a2+b2) e?¢

ae2crdx 3 e2crdx
PolylLog|3, - | +24bdefxPolylog[3, - |-
be- <a2+b2) e?¢ b e + <a2+b2) e?¢
ae2crdx 2 e2cHdx
24 b e Polylog|4, - | -24bePolyLog|4, - |+
b e - <a2+b2) e?¢ be+ (a2+b2> e?¢

12aSinh[dx] -12ae?“Sinh[dx] +12adxSinh[dx] +12ade?® xSinh[dx] +

6ad?x?Sinh[dx] -6ad®e?“x?Sinh[dx] +2ad®>x3Sinh[dx] +2ad?e?°x>Sinh[dx]

(b+asinh[c+dx]) + |e*Csch[c+dx] (b+aSinh[c+dx])

|/

2blog[b+aSinh[c+dx]] 2Sinh[c+dXx]

+

a%d ad
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1

(2 (a+bCsch[c+dx])) +
a?d? (a+bCschlc+dx])

3

eZ

.F
Csch[c+dx]
(b+asinh[c+dx])

~aCosh[c+dx] -b (c+dx) Log[b+aSinh[c+dx]] +

bcLog[l+M}+jb —11'1(2C+J'17r+2dx)2—
8
1+ ik
a (ia+b)Cot|[+ (2ic+nm+2idx)]
4 i ArcSin[ ————| ArcTan| 2 ] -
N N
1440 7 2 d
1 a (—b+W) ecrax
= |-2ic+n-2idx+4ArcSin[——]| Log[1+ ] -
2 V2 a
141t
) : [b++/a7 07 | e
~|-2ic+mr-2idx-4ArcSin[———|| Log[1- +
2 V2 a
N (b- /a7 b7 | ecrox
(*—Ji(C-%—dX) Log[b+asSinh[c+dx]] +1i |PolyLog|2, |+
2 a

(b2 b7 ) ecrox

a

Polylog [2,

}] +adxSinh[c+dx]

Problem 18: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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(e+-Fx)2Cosh[c+dx]
J dx

a+bCsch[c+dx]

Optimal (type 4, 330 leaves, 14 steps):

3 eCtdx

b(e+fx)®> 2f (e+fx) Coshlc+dx] bor/atb? |

3a2f a d? a%d

b (e+fx)*Log[1+

c+dx c+dx

ble+fx)?Log[l1+ 23 "—] 2bf(e+fx)Polylog|2, - 23—~
<+ ) g{ +b+,\/ﬂ:|_ (+ ) y g{ b,,\/m]

a%d a%d?

2bf (e+fx) Polylog[2, - —=<"—] 2bf2Polylog[3, - =]

b++/ a2+b? b-+/ a?+b?

+ +
a?d? a%d?

2b f2 Polylog|3, - et , .

benfa2b? 2f2sinh[c+dx] (e+fx)*Sinh[c+dx]
+ +

a%d? ad? ad

Result (type 4, 971 leaves):
1

6a2d®> (a+bCsch[c+dx])

f2Cschlc+dx]

2c+dx 2c+dXx

ae ae

-12bdx PolylLog [2, -

}—lzbdeolyLog[Z, -
bec- (a2+b2> e2¢ b e + <a2+b2) e?¢

] +

e |2bd®e“x*-6aCosh[dx] +6ae?“Cosh[dx] -~-6adxCosh[dx] -6ade?xCosh[dx] -

a<e2c+dx
3ad?x?Cosh[dx] +3ad?e*“x?Cosh[dx] -6bd? e x* Log[1+ ] -
be- (a2+b2> e?¢
a e2c+dx a e2C+dX
6bd” e x? Log[1+ | +12be® PolyLog|3, - ]+
be+ (az+b2> e%¢ be- <a2+b2) e?¢
anC+dX

12b e Polylog|3, - | +6asinh[dx] +6ae?Sinh[dx] +

bec+ <a2+b2) e%¢
6adxSinh[dx] -6ade?®xSinh[dx] +3ad?x?Sinh[dx] +3ad?e?x?Sinh[d x]

(b+asinh[c+dx]) + |e*Csch[c+dx] (b+aSinh[c+dx])

/

2blog[b+aSinh[c+dx]] 2Sinh[c+dx]

.
a%d ad
1

a?d? (a+bCschlc+dx])

(2 (a+bCschfc+dx])) +

2efCschc+dx]
(b+aSinh[c+dx])
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~aCosh[c+dx] -b (c+dx) Log[b+aSinh[c+dx]] +

bcLog[l+M}+jb —11'1(2c+1'17r+2dx)2—
8
1+Q . 1 . ,
a <1a+b)C0t[—(21c+ﬂ+21dX)]
4 i ArcSin[————] ArcTan| 4 ] -

vz Nror

1 [E]
Vz

= |-2ic+m-2idx+4ArcSin Log|[1+

(b+m) ecHdx

—2ic+n-2idx-4ArcSin Log[1- |+

toE)

N |

(z—j (c+dx)| Log[b+asSinh[c+dx]] +i PolyLog|2,

2

[ (b+m) ecrdx
2,

a

PolylLog }J +adxSinh[c+dx]

Problem 19: Result unnecessarily involves imaginary or complex numbers.

(e+fx) Cosh[c+dx]
j dx

a+bCsch[c+dx]

Optimal (type 4, 212leaves, 11 steps):
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c+dx c+d x

b (e+fx) Log|l+ —2—— b (e+fx) Log|l+ —2——
b (e+'FX>2 'FCOSh[CerX] ( ! ) g[ " b~/ a2+b2 ] ( ! ) g[ N b~/ a2+b? ]
2a%f a d? a%d a%d
bfPolylog[2, - 2<“~] bfPolyLog|2, - 2
o og[ b--/ a%+b? } o og[ b/ a2+b? } (e+fx) Sinh[c +dx]
- +
a%d? a2 d? ad

Result (type 4, 401 leaves):
1

a2 d? (a+bCsch[c+dx])

Csch[c+dx] (b+aSinh[c+dx])

1
de (bLog[b+aSinh[c+dx]] -aSinh[c+dx])+ =f|-b(2c+im+2dx)?-
8

ib

1+? (ia+b)Cot[l(2jlc+7T+2ildX”
32bArcSin| ———] ArcTan| 4 | +8acCosh[c+dx] +

V2 v a2 + b?

4l1+ﬁ /a2 . p2 c+d x
a (—b+ ac+b )e
4b |2c+in+2dx+4iArcSin[———]| Log[1+ ]+
vz a

(b+\/ a2 + b? ) ecrdx
Log[1- ] -
a

4b [2c+1m+2dx-41ArcSin

toE)

+

aSinh[c+dx]]
b

(b+ a? +b? ) ecrdx

4ibrlog[b+aSinh[c+dx]] -8bclog(l+

(b—m) ecrdx
| +Polylog|2,

a a

} _

8b |Polylog|2,
8adxSinh[c+dx]

Problem 21: Attempted integration timed out after 120 seconds.

Cosh[c +dx] dx
J(ewa) (a+bCschlc+dx])
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Optimal (type 8, 35leaves, 1step):

Cosh[c +dx] Sinh[c +dX]
Int| » X]
(e+fx) (b+asinh[c+dx])

Result (type 1, 1leaves):

PP

Problem 22: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(e+fx)3Cosh[c+dx]2
dx

a+bCsch[c+dx]

Optimal (type 4, 696 leaves, 24 steps):
3efix 3F3x2 (e+fx)* b2 (e+fx)?
+ + -

+

4ad®> 8ad? 8af 4a3f
6bf? (e+fx) Cosh[c+dx] b(e+Fx)3Cosh[c+dx] 33 Cosh[c+dx]?2
a’d? a%d 8ad*
5 b+ a2 +b? (e+Fx)3Log[1+&}
3f (e+fx)“Cosh[c+dx]? b/ 2207
- +
4ad? a*d
bvaZ+b? (e+fx)>Log[1+ 2" "] 3b+/aZ:b? f (e+fx)2Polylog[2, - 22—
| )7 Loe| mm] | ) 2, b[atot }
- +
a*d a3 d2
3b+/aZ+b? f (e+fx)2Polylog[2, - 2] 6b+/a?+b? f2 (e+fx) PolyLog[3, - -2~
VR ¢ o) potytogz, - o] Polytog[3, -~
a3 d? " a3 d?
6b+/aZ+b? f2 (e+fx) Polylog3, - 2] 6b~/a?+b? 3 pPolyLog[4, - 2"
( ) [ b+\/ﬂ] [ bf\/a2+bz}
a3 d3 - 23 g4 +

6b~/a?+ b2 f3polylog[4, - 22—
4 bfaor © 6bF3Sinh[c+dx] 3bf (e+fx)?Sinh[c+dx]
+ +

+

a3 d* azd* a?d?
3f2 (e+fx) Cosh[c+dx] Sinh[c+dx] (e+fx)3Cosh[c+dx] Sinh[c +d x]
+
4ad? 2ad

Result (type 4, 3560 leaves):

a-bTanh[ > (codx)]

ZbAr‘cTan{
e3 j+x— Loatpe Cschic+dx] (b+aSinh[c+dx])
\/ —a?-b? d

4a(a+bCschlc+dx])

| 9
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. _a+bTanh|1 (c+d x)
i 7t ArcTanh | ]

1 1 +/ a%+b?

3e?2fCsch[c+dx] |[x2+—2b +
8a (a+bCschc+dx]) d? a2+ b2
1 ib (a-ib)Cot[+ (2ic+m+2idx)]
_ 2(c+1’1Ar‘cCos[77] Ar‘cTan[ 4 ]+
v a Narar=s
~ia+b)Tan[+ (2ic+n+2idx)]
(-2ic+n-2idx) ArcTanh | 4 | -
V-az-b?
ib (a—jb)Cot[l(ch+ﬂ+ZjdxH
ArcCos |- —| - 2 ArcTan| 4
a \-a?z-p?
Log[|(a+ib) [a—jb+x/—a2—b2) [1+11Cot[l(21'1c+71+211dx” J/
4
[a (a+1‘1b+1‘m/—a2—b2 Cot[l(21c+7r+211dx)] )}—
4
ib (a-ib)Cot[> (2ic+mr+2idx)]
ArcCos [— 7} + 2 ArcTan [ 4 }
a v-aZ-b?
Log[|i (a+1ib) [ a+jb+xl—az—b2] (11+Cot[1<211c+7r+2]idx)] )/
4
[ (a+1b+1 —aZ- Cot 2]'1c+7r+21'1dx)] )}Jr
ib (a—nb)Cot[l(ch+ﬂ+ZjdxH
ArcCos |- —| + 2 ArcTan| 4 | -2
a vV -aZ-b?
(-ia+b)Tan[1 (2ic+nr+2idx)]
i ArcTanh| 4
7asz2
\/7327,[)2@41(’2“1”’2‘“)
Log[ ]+
V2 v/-ia Vb+aSinh[c+dx]
ib (a-ib)Cot[* (2ic+n+2idx)]
ArcCos |- —| - 2ArcTan| 4 | +2
a -a?z-p?
—ia+b)Tan[l<2iLc+ﬂ+2ildX)]
i ArcTanh| 4
Nercars

\/7bz (2 c+imm+2dx)

LOg{ ]+]].
V2 \/-ia v/b+aSinh[c+dXx]

([]'1b+x/—a2—b2] (a+]'1b—j1\/—a2—b2 Cot[1(21c+7r+2]'1dx>}

4

{a (aﬂlbﬂixlfaszz Cot[l (21’1c+7r+211dx)]))} - Polylog|2,
4

Polylog|2,

|/
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e
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([bﬂiw—az—bz] (Jia—b+x/—a2—b2 Cot[1

4

= (2ic+m+2idx) |
4

[a (a+ib+1’m/—a2—b2 Cot[1

= (2ic+m+2idx) ]

)]

|/

a (EZ c+d X

(b+asinh[c+dx]) + |ef?Csch[c+dx] |x*- |3beS d>x? Log[1 +

} _

be®- ./ (a%+b?) e2¢
2c+d 2c+d
d?x? Log[1 + ae 7 | +2dxPolyLog|2, - ae ™ ] -
be+./ (a%+b?) e2¢ be-./(a%+b?) e2¢
a eZc+dx a e2c+dx
2dxPolylog[2, - | -2PolyLog|3, - |+
b e+ (a2+b2> e?¢ be - <a2+b2) e%¢
anC+dX
2Polylog|[3, - ] /(d3 (a®+b?) €€
b e + (a2+b2) e%¢

(b+asinh[c+dx]) /(4a(a+szch[c+dx}))+ 3
Csch|
C+
d
X]
2c+d 2 c+d
x* - |4be |d®x®Log[1+ ae 7 | -d®x® Log |1+ ae” 7 | +34d?
be-./(a%+b?) e2¢ be+./ (a%+b?) e2¢
2c+dXx 2c+dx
x? Polylog|[2, - ace | -3d?x?Polylog[2, - ae ] -
be€- (a2+b2) e%¢ bef+ (a2+b2) e?¢
2c+d 2c+d
6 dx PolylLog|[3, - ae T | +6dxPolylog|3, - ae |+
b e - (a2+b2> e?¢ b e + (a2+b2) e?¢
a g2 crdx 3 e2crdx
6PolyLog[4, - } —6PolyLog[4, - ] /
b e€ - (a2+b2) e%¢ b e+ (a2+b2) e?¢

(d4 (a%+b?) e*€

(b+asinh[c+dx])

/

8a’ (a+bCsch[c+dx])

16a (a+bCschlc+dx])) +

_FZ
Csch|
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c+
d
X]
anC+dX
2 (a®+4b%) x>~ |6b (32’ +4b%) e |d*x* Log[1+ ] -
bet- (a2+b2) e?¢
2c+d 2c+d
d?x? Log[1 + ae’t? | +2dxPolyLog|2, - ae ™ | -
bec+ (a2+b2) e?¢ b e - (a2+b2> e%¢
anC+dX
2dxPolylog[2, - ] -
bec+ [ (a%+b?) e2¢
a eZC+dx a <e2c+dx
2PolyLog[3, - ] +2PolyLog[3, - } /
b e - (a2+b2) e?¢ b e€ + (a2+b2) e%¢
(d3 275 b7 ¢ ) . 24abCosh[dx] ((2+d? XZZ Cosh[c] -2dxSinh[c]) .
d
3a2Cosh[2dx] (-2dxCosh[2c] + (1+2d?x?) Sinh[2c])
o3 )
24ab (-2dxCosh[c] + (2+d*x?) Sinh[c]) Sinh[d x]
.
d3

3a? ((1+2d*x?) Cosh[2c] -2dxSinh[2c]) Sinh[2dX]
d3

1

(b+asinh[c+dx]) +
16a% (a+bCsch[c+dx])

F3
Csch|
C +
dx]
(a2 +4b?) x4 - ! 4b (3a%+4b2) e
d* [ (a2 + b?) e2¢

a ez c+d x

| -d®x® Log[1 +
be®- (a2+b2) e?c b e+ (a2+b2) e?c

{dg’ x* Log |1 +

3d?x? Polylog|2, - | -3d?x?Polylog|2, -

bec- <a2+b2) e?¢ be+ (a2+b2> e?¢

a ez c+d X

6d x PolylLog [3, -

] +6deolyLog[3, -

6 PolyLog[4, - } - 6 Polylog [4, -

be- <a2+b2) e?c be+ <a2+b2) e?c
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16 abCosh[dx] (dx (6+d?x?) Cosh[c] -3 (2+d?x?) Sinh[c])
d4

+

1
d4
a2 Cosh[2dx]
(-3 (1+2d*x*) Cosh[2c] +2dx (3+2d*x*) Sinh[2c]) -

l16ab (-3 (2+d*x%) Cosh[c] +dx (6+d*>x?) Sinh[c]) Sinh[dx] +
d4

1

d4

a*> (2dx (3+2d*x*) Cosh[2c] -3 (1+2d*x?) Sinh[2c]) Sinh[2dx]

(b+asinh[c+dx]) + |€?

Csch|
c+dx] (b+aSinh[c+dx])

a-b Tanh 1(c+dx)
2b (3a2+4b2) Ar‘cTan[
2 2
(a2+4b?) (c+dx) - b -

‘/7a27b2

4abCosh[c+dx]+aZSinh[2<c+dx)] /

(4a’d (a+bCschc+dx])) +

e2

.F
Cschc+dx]
(b+asinh[c+dx])

(a?+4b%) (-c+dx) (c+dx) -

8abdxCosh[c+dx] -a®Cosh[2 (c+dX) |-
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[ b+a ectdx

4b (3a2+4b%) |- e S 1

\-a? - p? 2Va?+b?

c ArcTan

a<ec+dx aec+dx
((c+dx) Log[1+ ———] - Llog[l+ ———— ]+
b-+aZ+b? b++/aZ+b?
aec+dx a(ec+dx
PolyLog|[2, ——————| - Polylog|2, —]] +
-b++a%?+b? b ++a?+b?

8absinh[c+dx] +2a’dxSinh[2 (c+dx) | /(8a3d2 (a+bCsch[c+dx]))

Problem 23: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(ewa)ZCosh[Cerx]zd1
X

a+bCschjc+dx]

Optimal (type 4, 510leaves, 21 steps):
f2x  (e+fx)® b2(e+fx)> 2bf2Cosh[c+dx] b (e+fx)*Cosh[c+dx]
+ + -

4 ad? 6af 3a3f a?d? a’d
b/a?+b? (e+fx)2Log[1+ 22
f (e+fx) Cosh[c+dx]? #b% (e fx) Log] +b,m]
- +
2ad? a3d
bvaZ+b? (e+fx)?Log[1+ 2" "] 2b+/a?:b? f (e+fx)PolyLog[2, - 2"~
| )" Loe| mm] | ) 2, bﬁubz]
- +
atd a3 d2
2b+/a?+b? f (e+fx) Polylog[2, - 2<“~] 2b-/a?+b? f2Polylog[3, - 2"
< ) [ ’ b++/ a?+b? } { ’ b~/ a2+b? ]
a3 d? " a3 d3 -

2b+aZ+b? f2polyLog|3, - 2~
yLog| b/ ateb? 2bf (e+fx) Sinh[c+dx]
ald? ! a2 d?

f2 Cosh[c +dx] Sinh[c +dx] (e+'FX)2Cosh[c+dx] Sinh[c +dx]

+

4 ad? 2ad

+

Result (type 4, 2497 leaves):
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a bTanh[ (c+dx) ]
2bAr‘cTan{7

e? §+x— b Csch[c+dx] (b+aSinh[c+dx])

\/ -a?-b? d

4a(a+bCschlc+dx])

. —a+b Tanh l(c+dx)

i ArcTanh| ]

1 1 \J a2+b?
efCschic+dx] |x*+—2b 2 +

4a(a+bCschic+dx]) d? a2+ b2

1 ib (a-ib) Cot[+ (2ic+n+2idx)]
e 2(c+1‘1Ar‘cCos[—f] Ar‘cTan[ 4 ]+
V-a?-p? a v —aZ-p?

(—ja+b)Tan[l(21’1c+7r+21‘1dx”
(-2ic+n-2idx) ArcTanh | 4 ]-
v-aZ_-b?

ib (a-ib) Cot[> (2ic+m+2idx)]
ArcCos |- —| - 2 ArcTan| 4 ]

a -a?-bp?
Log[|(a+1ib) [afjller\/ﬂ) (1+1‘1Cot[3(21c+n+2jdx)}))/

4

[a [a+1‘1b+1‘1w7a27b2 CO‘t[l (2]'1C+7T+21'1dx>]
4

)i-

ib (a-ib) Cot[+ (2ic+nm+2idx)]
ArcCos |- —] + 2 ArcTan| 1
a V-a?-p?
Log (j (a+ib) [ a+jb+x/—a2—b2J (j+Cot[1(2jc+n+2jdx)] )/
4
[ (a+1b+1 -a? - b? Cot]| 21'1c+7r+21'1dx)] )}+
ib a—lb)Cot[l(Zic+ﬂ+21dxH
ArcCos |- —| +2ArcTan| 4 |-2
a NEroaryy
(-ia+b) Tan[1 (2ic+n+2idx)]
i ArcTanh| 2
-a? - b?
me%(ic*jmnﬂ
Log| ]+
2 A/-ia /b+aSinh[c +dx]
ib (a-ib)Cot[+ (2ic+m+2idx)]
ArcCos |- —| - 2ArcTan| 2 | +2
a -a?z-p?

(—J‘La+b) Tan[l (2]1C+7r+2j1dx)] ]
- 4
JlAr‘cTanh[

1/7a27|92
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m ei— (2 c+in+2dx)

LOg{ ]+J’1
V2 /-ia v/b+aSinh[c+dXx]

((]'lb+\/fasz2] (a+1’1b—ix/—az—b2 Cot[1
4
F(a+jb+jd—¥fb2C&[E(21c+n+21dﬂ]”}—PﬂymgP,

ub+jJT;iE;]Pafb+JT;T37cm[ ]/

PolyLog|2,

(2ic+m+2idx) |

|/

(21’1c+7r+21'1dx”

1
4

[a(a+jb+jxﬁa2—w am[i(21c+n+zjdx>HJ}”

anC+dX
(b+asinh[c+dx]) + |f*Cschlc+dx] |x®- |3be® |d*x?Log[1+ ] -
be® - (a2+b2) e?c
a eZC+dX a eZc+dx
d*x? Log[1 + | +2dxPolylog|2, - ] -
be+ <a2+b2) e?¢ bec- (a2+b2) e?c
a e2c+dx a e2c+dx

2deolyLog[2, - } —2PolyLog[3, -

be+ (a2+b2> e?¢ bec- <a2+b2) elc
// (d3 (a?+b?) e*€

/(12a (a+bCschlc+dx])) +

a ez c+d X

]
be+ <a2+b2) e?c

2 PolyLog[B, -

(b+asinhc+dx])

1
242a% (a+bCschlc+dx])
_FZ
Csch|
C+
d
X] |2
(a*+4Db?)
X3 -
anC+dX
6b (3a°+4b%) e |d>x*Log|1+ ] -
bec- (a2+b2) e%¢
a eZC+dX a eZC+dX

d?x? Log[1+

| +2dxPolylog|2, -
be®+./ (a%+b?) e2¢ be®- ./ (a%+b?) ¢
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2c+dXx

ae
2dxPolylog[2, - ] -
bec+ <a2+b2) e%¢
anC+dx a<e2c+dx
2 Polylog|3, - | +2Polylog|3, - ] /
bec- (a2+b2> e?¢ be+ (a2+b2) e%¢

24abCosh[dx] ((2+d*x?) Cosh[c] -2dxSinh[c])

+

(d3 (a? +b%) e*€ ) -

d3
3a?Cosh[2dx] (-2dxCosh[2c] + (1+2d?x?) Sinh[2c])
a3 .
24ab (-2dxCosh[c] + (2+d*x?) Sinh[c]) Sinh[d x]
N

d3
3a? ((1+2d*x?) Cosh[2c] -2dxSinh[2c]) Sinh[2dX]

pe (b+

asinh[c+dx]) +

e’Csch[c+dx] (b+aSinh[c+dx])

(a2+4b2) (c+dx) -

a-b Tanh 1—(c+dx) ]

7azibz

2b (3a2+4b?) ArcTan|

4/_a2_b2

4abCosh[c+dx] +

a’sinh[2 (c+dx) | /

(4a’d (a+bCschic+dx])) + |e

.F
Csch|

c+dx]
(b+asinhc+dx])
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(a?+4b?) (-c+dx) (c+dx) -

8abdxCosh[c+dx] -a®Cosh[2 (c+dX) |-

c+d x

c Ar‘cTan[b*L

4b (3a>+4b?) |- i S 1

V -a%-b? 2+va?+b?

a®c+dx aec+dx
((c+dx) Log[1+ —————] - Log[1+ ]] +
b-+a%+b? b++a%+b?
a(ec+dx a(Ec+dx
PolyLog[2, ——— | - Polylog|2, - ———— ] +
-b++a%?+b? b++/a?+b?

8absSinh[c+dx] +2a?dxSinh[2 (c+dx) | /(4a3'd2 (a+bCschic+dx]))

Problem 24: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(e+fx) Cosh[c+dx]?
J dx

a+bCschc+dx]

Optimal (type 4, 327 leaves, 16 steps):
ex b2ex fx? b2fx2 b (e+fx)Cosh[c+dx] fCosh[c+dx]?
N _ _

— + +

2a a’ 4a 2a3 a’d 4 ad? )
bvaZ+b? (e+fx) Log[1+ —2=% bvaZ+b? (e+fx) Log[1l+ 2%
( > [ b-+/ a2+b? } ( ) [ b++/ a%+b?
N _
atd a‘d
b+/a’+b? fPolyLog[2, - —2= b+/a?+b? fPolylLog[2, - —2¢=—
[ ’ b-+/ a2+b? } [ ’ b++/ a2+b?
a3 d? ' a3 d? '

bfsSinh[c+dx] (e+fx) Cosh[c+dx]Sinh[c+dx]
N
a2 d? 2ad

Result (type 4, 1663 leaves):

a-bTanh|* (crdx)
2bArcTan [ M
el +x- S

d A -a%-b? d

Csch[c+dx] (b+aSinh[c+dx])

4a(a+bCschlc+dx])
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. _a+bTanh| L (c+dx)
i1 ArcTanh| ]

1 1 [ a24p2

fCschic+dx] [x*+ —2b +
8a (a+bCschc+dx]) d? a2+ b2
1 ib (a-ib)Cot[+ (2ic+m+2idx)]
_ 2(c+1’1Ar‘cCos[77] Ar‘cTan[ 4 ]+
v a Narar=s
~ia+b)Tan[+ (2ic+n+2idx)]
(-2ic+n-2idx) ArcTanh | 4 | -
V-az-b?
ib (a—jb)Cot[l(ch+ﬂ+ZjdxH
ArcCos |- —| - 2 ArcTan| 4
a \-a?z-p?
Log[|(a+ib) [a—jb+x/—a2—b2) [1+11Cot[l(21'1c+71+211dx” J/
4
[a (a+1‘1b+1‘m/—a2—b2 Cot[l(21c+7r+211dx)] )}—
4
ib (a-ib)Cot[> (2ic+mr+2idx)]
ArcCos [— 7} + 2 ArcTan [ 4 }
a v-aZ-b?
Log[|i (a+1ib) [ a+jb+xl—az—b2] (11+Cot[1<211c+7r+2]idx)] )/
4
[ (a+1b+1 —aZ- Cot 2]'1c+7r+21'1dx)] )}Jr
ib (a—nb)Cot[l(ch+ﬂ+ZjdxH
ArcCos |- —| + 2 ArcTan| 4 | -2
a vV -aZ-b?
(-ia+b)Tan[1 (2ic+nr+2idx)]
i ArcTanh| 4
7asz2
\/7327,[)2@41(’2“1”’2‘“)
Log[ ]+
V2 v/-ia Vb+aSinh[c+dx]
ib (a-ib)Cot[* (2ic+n+2idx)]
ArcCos |- —| - 2ArcTan| 4 | +2
a -a?z-p?
—ia+b)Tan[l<2iLc+ﬂ+2ildX)]
i ArcTanh| 4
Nercars

\/7bz (2 c+imm+2dx)

LOg{ ]+]].
V2 \/-ia v/b+aSinh[c+dXx]

([]'1b+x/—a2—b2] (a+]'1b—j1\/—a2—b2 Cot[1(21c+7r+2]'1dx>}

4

{a (aﬂlbﬂixlfaszz Cot[l (21’1c+7r+211dx)]))} - Polylog|2,
4

Polylog|2,

|/
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([b+ix/—a2—b2) (ia—b+x/—a2—b2 Cot[l<21'1c+7T+2jldxH

4

)/
[a (a+ib+1’m/—a2—b2 Cot[l (z]'lcwuzjldx)]))})]

4

(b+asinh[c+dx]) + |eCsch[c+dx] (b+aSinh[c+dx])

(a2 +4b2>

<C+dx>—
a-b Tanh i(c+dx) ]

[ _a2_p2?

2b (322 +4b?) Ar‘cTan[

VvV -a?-b?
4
a
b

Cosh[c +dx] +a?

Sinh|[2 (c+dx)] /

(4a’d (a+bCschc+dx])) + |fCsch[

C +
dx] (b+
asSinh[c+dx])

(a>+4b?) (-c+dx) (c+dx) -

8abdxCosh[c+dx] -
a’Cosh[2 (c+dx) ] -
4b (3a*+4b?%)
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b+aecdx

A/ -a?-b? 1

.

cArcTan|

+d +d
[(c+dx) Log[1+ aec—x] - Log|[1+ L]} +
b-+aZ+b? b++/aZ+b?
aec+dx aec+dx
PolyLog[2, —————| - Polylog|2, ——]] +
~b++/a2+b?2 b++a2+b?

8absinh[c+dx] +2a’dxSinh[2 (c+dx) | /(8a3d2 (a+
bCschc+dx]))

Problem 26: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(e+fx>3Cosh[c+dx]3
dx

a+bCsch[c+dx]

Optimal (type 4, 864 leaves, 31 steps):
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3bfix b(e+fx)> b(a2+b?) (e+fx)* 40 Cosh[c+dx]

— + —

8 a2 d3 4a%d 4a*f 9ad*
6 b2 £3 Cosh[c + d ] 2f(e+fx>2Cosh[c+dx} 3b2-F(e+fx)2Cosh[c+dx}
ad* ad? a3 d?

3 ectdx

b-+/ a%+b? ]

b (a2 + b2 fx)? Log[1
2fCosh[c+dx]® f (e+fx)?Cosh[c+dx]? (a%+0%) (e Fx]7 Log[1+

27 ad* 3 ad? a*d
b(a?+b?) (e+fx)>Log[1+ 2] 3b (a2+b2)f (e+fx)2Polylog[2, - 2
8 (e £ Log[1 2] 3b (st0) ¢ e )7 Polylog[2, - P
a*d a*d?
3b (a2 +b2) f (e+fx)?PolylLog|2 o et 6b (a?+b?) f2 (e +fx) PolyLog|3 o et
a* d? : a*d3 '
6b (a2 +b?) f2 (e + fx) PolyLog[3, - 22— 6b (a%+b2) f3 PolylLog[4, - —2<2
) e ] polytogs, - 2] sb (st v 4]
a* d? ) a* d* )
6b (a2 +b?) f2 PolyLog|4, o aettr
bir]aZeb? 40 2 (e+fx) Sinh[c +d x]
+ +
a* d* 9ad?
6 b2 f2 (e + fx) Sinh[c +dx] 2(e+-Fx)3Sinh[c+dx} bz(e+fx)3sinh[c+dx]
+ + +
a’d? 3ad a’d
3bf3Cosh[c+dx] Sinh[c+dx] 3bf (e+fx)*Coshic+dx]Sinh[c+dx]
+ +
8 a2d* 4 a2 d?
22 (e+fx) Cosh[c+dx]?Sinh[c+dx] (e+Fx)3Cosh[c+dx}ZSinh[c+dx]
+ _
9ad? 3ad
3bf? (e+fx) Sinh[c+dx]? b(eJr-I:x)z’Sinh[Cerx}2
4 3% d3 2a%d
Result (type 4, 5945 leaves):
1
e f?Cschc+dx]
4a*d® (a+bCsch[c+dx])
anC+dX ae2c+dx
—12bdeolyLog[2, - } —12bdeolyLog[2, - ] +
bec- (a2+b2)ezc bec+ <a2+b2)<e2c

e |2bd?ex®-6aCosh[dx] +6ae’ Cosh[dx] -6adxCosh[dx] -6ade?cxCosh[dx] -

anC+dX
3ad?x?Cosh[dx] +3ad?e?“x?Cosh[dx] - 6bd? e x* Log[1+ | -
be€- (a2+b2> e%¢
a eZC+dX a <e2C+dx

6bd? e x* Log[1 + | +12b e PolyLog[3, -
b e + (a2+b2) e%¢ b e€ - (az+b2) e%¢
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a (EZ c+d x

12b e Polylog|3, - | +6asinh[dx] +6ae?Sinh[dx] +

bet+ <a2+b2) e?¢

6adxSinh[dx] -6ade?®xSinh[dx] +3ad?x?Sinh[dx] +3ad?e?°x?Sinh[d x]

1
(b+asinh[c+dx]) + f3 Csch[c +dx]
8a%d* (a+bCsch[c+dx])
a 2c+dXx
-12bd? x> Polylog|2, - c |+
b e - (az+b2) e%¢

e € |bd*e“x*-12aCosh[dx] -12ae?“Cosh[dx] -12adxCosh[dx] +12ade?¢xCosh[dx] -

6ad?>x?Cosh[dx] -6ad?e?®x?Cosh[dx] -2ad3x®>Cosh[dx] +2ad®e?®x®Cosh[dx] -

2c+d 2c+d
4bd®e x? Log (1 + aet” | -4bd®e“x® Log |1+ ae ] -
bec- (a2+b2> e%¢ be+ (a2+b2) e?¢
ae2c+dx
12b d? e x* Polylog|2, - | +24bde x
be+ (a2+b2) e?¢
ae2c+dx a(eZc+dx
PolyLog|3, - | +24bdexPolylog|3, - ] -
bec- <a2+b2) e%¢ be+ <a2+b2) e%¢
aezc+dx a(eZc+dx
24b e Polylog[4, - | -24bePolyLog|a, - ]+
bec- (a2+b2) e%¢ be+ (a2+b2> e?¢

12aSinh[dx] -12ae?“Sinh[dx] +12adxSinh[dx] +12ade?® x Sinh[d x] +

6ad?x?Sinh[dx] -6ad?e?“x?Sinh[dx] +2ad®x®>Sinh[dx] +2ad?®e?¢x3Sinh[dx]

1
(b+asinh[c+dx]) + e
144 a*d® (a+bCsch[c+dx])
e—3c
_FZ
Csch[c+dx]

72a2bd?e3° x> +144b3d3 €3¢ x* - 108 a> e Cosh[d x] - 432 ab? e?¢ Cosh[d x] +

108 a® e*€ Cosh[d x] + 432 ab? e*¢ Cosh[d x] - 108 a®>d €?¢ x Cosh[d x] -

432 ab?de?®xCosh[dx] -108a*de*xCosh[dx] -432ab?de*® xCosh[dx] -
54 a3 d? e2¢ x? Cosh[d x] - 216 ab? d? €€ x?> Cosh[d x] + 54 a® d? e*° x% Cosh[d x] +
216 ab? d? e*¢ x? Cosh[d x] - 27 a’b e Cosh[2dx] -27a%2b e’ Cosh[2dXx] -
54a°bdexCosh[2dx] +54a’bde’ xCosh[2dx] -54a%bd?ex?Cosh[2dx] -
54a’bd? e’ x?Cosh[2dx] -4a3Cosh[3dx] +4a%e®Cosh[3dx] -
12a3dxCosh[3dx] -12a*de®“xCosh[3dx] -18a%d?x?Cosh[3dx] +
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18 2% d? e®“ x? Cosh[3dx] - 216a’bd? e*“ x? Log|1 +

a ez c+d X

432b° d? €3 x? Log[1 + ] -

be® - (a2+b2> e?¢

a ez c+d X

216a%bd? *“ x? Log[1 +
bet+ (a2+b2) e’¢

anC+dX
432b3d* e x? Log |1+ | -

be- <a2+b2) e?¢

432b (a?+2b?) de’“ xPolylog|2, -

ae2c+dx
432a’b e’ Polylog|3, - |+
be- (a2+b2) e?c
ae2c+dx
864 b> e PolyLog|3, - ]+
be- (a2+b2> e%¢
anC+dX

432a%b e Polylog|3, -

|+

bet+ (a2+b2) e%¢

a (EZ c+d X

864 b> ¢ PolyLog|3, - | +108a% €2 Sinh[dx] +
be+ (a2+b2> e%¢

432 ab?e?cSinh[dx] + 108 a® e*“ Sinh[d x] +432ab?e*“Sinh[d x] +

108 a>d e?¢ x Sinh[dx] +432ab?de?“xSinh[dx] - 108 a®d e*¢ x Sinh[d x]

432ab?de*“xSinh[dx] +54a%d?e?° x?Sinh[dx] +216 ab%d?e?¢x?Sinh|

54 a3 d? e*¢ x?Sinh[d x] + 216 ab?d? e*¢ x?> Sinh[d x] + 27 a’2b e®Sinh[2d x]

27a’be’Sinh[2dx] +54a’bde®xSinh[2dx] +54a’bd e’ xSinh[2dx] +

54a2bd?e‘x?Sinh[2dx] -54a2bd?e’“x?Sinh[2dx] +4a3Sinh[3dx] +

4a%e®°Sinh[3dx] +12a®dxSinh[3dx] -12a>de®¢xSinh[3dx] +

dx] +

18 3% d®>x*Sinh[3dx] + 182> d* e®“ x*Sinh[3d x] | (b+aSinh[c+dx]) +

1
864 a* d* (a+bCsch[c+dx])

e3¢ f3Cschic+dx]

108 a2bd* e3¢ x* + 216 b> d* €3¢ x* - 648 3> €€ Cosh[d x] - 2592 ab? €€ Cosh[d x] -

648 a> e*€ Cosh[d x] - 2592 ab? e*“ Cosh[d x] - 648 a®> d €€ x Cosh[d x] -

2592 ab?de?¢ x Cosh[dx] + 648 a>de*  x Cosh[dx] +2592ab?de*cxCosh[dx] -
324 a®d? e?“ x? Cosh[d x] -1296 ab? d? e x? Cosh[d x] - 324 a3 d? e*° x? Cosh[d x] -
1296 a b? d? e* x? Cosh[d x] - 108 a® d® e?¢ x> Cosh[d x] - 432 ab?d® e?¢ x> Cosh[d x] +
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108 a®d? e*“ x3 Cosh[dx] +432ab?d3 e*“ x> Cosh[dx] -81a%?beCosh[2dXx] +
8la’be’Cosh[2dx] -162a’bde®xCosh[2dx] -162a’bde’“xCosh[2dx] -
162 a2bd? e x> Cosh[2dx] +162a2bd? e’ ¢ x?Cosh[2d x] -

108 a’b d* e x> Cosh[2d x] - 108 a2 b d® e’ x3 Cosh[2d x] -8a%Cosh[3dx] -
8a%e®“Cosh[3dx] -24a%dxCosh[3dx] +24a>de®cxCosh[3dx] -

362 d?x2 Cosh[3dx] -36ad?e®“x?Cosh[3dx] -36a%d®>x3Cosh[3dx] +

a(82c+dx
36a°d®>e®“ x> Cosh[3dx] -432a”bd® e x® Log[1+ | -
bec- (a2+b2> e¢
a(62c+dx
864 b* d® e?“ x> Log |1 + | -432a’bd? 3 X
be€ - (a2+b2) e?c
anC+dX aezc+dx
Log[1+ | -864b° d* e* x? Log[1 + | -
be+ <a2+b2) e?¢ bet+ (a2+b2) e?¢
anC+dX
1296 b (a” + 2b?) d*> e x* Polylog|2, - |-
bec- <a2+b2) e?¢
ae2c+dx
1296 b (a” + 2b?) d*> e x* Polylog|2, - |+
be+ (az+b2> e%¢
a(‘92c+dx
2592a>bde®“ x Polylog|3, - |+
bec- (a2+b2> e¢
a(eZc+dx
5184 b*>d e x Polylog|3, - |+
bec- (a2+b2) e?¢
ae2c+dx

2592a’bde*“ x Polylog|3, -

b e + (a2+b2> e%¢

5184 b*d e* x Polylog|3, -

be+ (a2+b2) e%¢

a <e2c+dx
2592 a*b e Polylog[4, - |-
be® -/ (a%+b?) e2¢
a eZc+dx
5184 b° e*“ PolyLog[4, - | -
b e - (a2+b2) e?¢
a eZc+dx

2592ab e Polylog|4, - ] -

be+ <a2+b2) e?c

a (e2c+dx

5184 b° e*¢ PolyLog[4, - | +648a° e Sinh[dx] +

be®+ (a2+b2) e?¢

2592 ab? e2¢ Sinh[d x] - 648 a® e* ¢ Sinh[d x] - 2592 a b? e*¢ Sinh[d x] +

648 a>d e?¢ x Sinh[d x] +2592ab?de?®xSinh[dx] + 648 a%>d e*® xSinh[dx] +

2592 ab?de?C xSinh[dx] + 324 a®>d? €®° x?Sinh[d x] + 1296 ab? d? €€ x?> Sinh[d x] -
324 a3 d? e*“ x? Sinh[d x] - 1296 ab? d? €*“ x? Sinh[d x] + 188 a3 d® e?¢ x> Sinh[d x] +

432ab?d3e?°x3Sinh[dx] +188 a3 d®> e* x> Sinh[d x] +432ab?d®e*x3Sinh[dx] +
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8la’be®Sinh[2dx] +81a’be’Sinh[2dx] +162a’bde®xSinh[2dx] -
162a’bd e’ xSinh[2dx] +162a%bd? e®x?>Sinh[2dx] +162a2bd? e’ x?Sinh[2d x] +
108 a’b d?® e x> Sinh[2d x] -108a?bd? e’ ¢ x> Sinh[2d x] +

8a®Sinh[3dx] -8a%>e®“Sinh[3dx] +24a3dxSinh[3dx] +

24a3de®xSinh[3dx] +36a>d?x?Sinh[3dx] -36a3d?e®x?Sinh[3dx] +

36a%d>x?>Sinh[3dx] +36a’d’e®“x’Sinh[3dx] | (b+aSinh[c+dx]) +

2blog[b+aSinh[c+dx]] 2Sinh[c+dXx]

+

ad ad

e*Cschc+dx] (b+aSinh[c+dx])

/

(4 (a+bCschlc+dx])) +
1

2a?d? (a+bCschlc+dx])
3e’fCsch[c+dx] (b+aSinh[c+dx])

~aCosh[c+dx] -b (c+dx) Log[b+aSinh[c+dx]] +

bcLog[l+W}+jb —11'1(2c+117r+2dx)2—
8
1+Q . 1 . ,
a (1a+b>Cot[—(21c+H+21dX)]
4 i ArcSin[————] ArcTan| 4 | -
V7 S

—|-21c+m-21dx+4ArcSin

1 [E]
Vz

-21c+m-21dx-4ArcSin

toE)

N |

(z—j (c+dx)

Log[b+aSinh[c+dx]] +1 PolyLog[Z,
2
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b+ Va7 57 ) e

a

PolyLog|2, }J +adxSinh[c+dx]| +

_ZbCosh[Z (c+dx)] i

e*Cschc+dx] (b+aSinh[c+dx])
a’d

4 (a?b+2b%) Log[b+aSinh[c+dx]] 2 (a?+4b?)Sinh[c+dx] 2Sinh[3 (c+dx)]|
atd : a3d : 3ad
1
24a*d? (a+bCsch[c+dx])

e’ fCsch[c+dx] (b+aSinh[c+dx])

|/

(8 (a+bCschlc+dx])) +

-18a (a® +4b?) Cosh[c+dx] -18a’bdx Cosh|[2 (c+dx)] -2a’Cosh|[3 (c+dx)] +

aSinh[c+dx}

aSinh[c+dx
#] —3632b

| +72b% cLog|1
b

36a’bclog|l+

(ia+b) Cot[} (2ic+m+2idx)]
ArcTan 4 ]+
aZ + b2

<2c+17r+2dx —4Ar‘c51n
g

\/_

. YU (~b /a7 b7 | eciox
\ﬁ
\/_

Log[1+ } +
a

— 2c+117r+2dx+411Ar‘c51n

[o s a7 57 ) e

|| Log[1- ] -

—2c+1m+2dx- 411Ar‘C51n

1
~imLog[b+aSinh[c+dx]] +PolyLog|2,
2 a

Polylog|2,
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]].a+b> Cot[l (2]'1C+7T+21'1dx>]
ArcTan | 4 |+
a2 + b2

(2c+17T+2dx -4 ArcSin

00|I—‘

[~b /a2 b7 | eciox

|| Log[1+ ]+
a

2c+1m+2dx+41ArcSin

N |

(b+m) ecrdx

2c+in+2dx-41iArcSin ] -

|| Log[1-

N |

ot
L
o

1
~islog[b+aSinh[c+dx]] +PolylLog|2,
2 a

(b++/a? b7 ) ecrox

a

1+

PolyLog [2,

18a (a®+4b’) dxSinh[c+dx] +9a’bSinh[2 (c+dx)]| +6a’dxSinh[3 (c+dx) ]

Problem 27: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

(e+1‘:x>2Cosh[c+dx]3
J a+bCsch[c+dx]

Optimal (type 4, 636 leaves, 24 steps):
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befx bf2x? b (a?+b?) <e+fx>3 4f (e+fx) Cosh[c+dx] 2b?f (e+fx) Coshlc+dx]

2a2d_4a2dJr 3atf 3 ad? a3 d?
b (a?+b?) (e+fx)2Log[1+&}

b-+/ a2+b?

2f (e+fx) Coshc+dx]?

9ad? ) a*d
o R 2 ecdx s 1o __aetdr
b (a2 +b?) (e+fx) Log[1+7b+m} _Zb(a +b?) f (e+fx) PolylLog|2, bim] )
a4d a4dZ

c+d x c+d x

-  _ae 2 p2) £2 __aesdx
2b (a2 +b2) £ (e« £x) Polylog|2, 20 [a?+b?) £ PolyLog[3, - 7]

b++/ a%+b? ]
+ +

a* d? atd3

3 etdx

2b (a%+b?) f2Polylog|[3, - —*<——
b/ aZ+b? 14 f2Sinh[c + d x]
+

+

a* d? 9ad?
2b2f2Sinh[c+dx] 2 (e+fx)?Sinh[c+dx] b? (e+fx)?Sinh[c+dx]
add3 : 3ad : a*d :
bf (e+fx) Cosh[c+dx] Sinh[c+dx] (e+-FX)2Cosh[c+dX]ZSinh[c+dx}
2 a2 d? : 3ad )
bf2Sinh[c+dx]2 b (e+fx)?sinh[c+dx]? . 2£2Sinh[c+dx]3
43%d? 2a%d 27 ad?

Result (type 4, 3303 leaves):
1
12a%d® (a+bCsch[c+dx])

f2Cschc+dx]

a eZC+dX a eZC+dX
-12bdxPolylog|2, - | -12bdxPolyLog|2, - |+

b e - (a2+b2> e?¢ be+ <a2+b2) e?¢

e |2bd?ex®-6aCosh[dx] +6ae? Cosh[dx] -6adxCosh[dx] -6ade?cxCosh[dx] -

anc+dX
3ad*x?Cosh[dx] +3ad? e’ x?Cosh[dx] -6bd?e®x* Log[1+ |-
bet- ./ (a%+b?) e2¢
a 2 c+d x a 2c+dXx
6bd” e x* Log[1 + - | +12be® PolyLog|3, - - |+
be+ (a2+b2> e%¢ bec- <a2+b2) e%¢
anC+dX

12b e Polylog|3, - | +6asSinh[dx] +6ae’“Sinh[dx] +

be+ <a2+b2) e?c
6adxSinh[dx] -6ade?“xSinh[dx] +3ad?>x?Sinh[dx] +3ad?e?®x?Sinh[dx]

1
(b+asinh[c+dx]) + e3¢

432a*d® (a+bCsch[c+dx])
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.FZ
Cschc+dx]

72a%bd3e3“x3+144b3d? e3¢ x®> - 108 a® e Cosh[d x] - 432 ab? €2 Cosh[d x] +

108 a3 e*“ Cosh[d x] +432ab? e*“ Cosh[d x] - 108 a®>d €2 x Cosh[d x] -
432ab?de?“xCosh[dx] -108a>de*  xCosh[dx] -432ab?de* xCosh[dx] -
54 2% d? e?© x? Cosh[d x] - 216 a b? d? €€ x?> Cosh[d x] + 54 a® d? e*° x? Cosh[d x] +
216 ab?d? e*“x%? Cosh[dx] -27 a’b e Cosh[2dx] -27a’b e’  Cosh[2dx] -
54a’bdexCosh[2dx] +54a%bde’“xCosh[2dx] -54a%bd?e®x?Cosh[2dx] -
54 a’bd? e’ x?Cosh[2dx] -4aCosh[3dx] +4a®>e®cCosh[3dx] -

12a%dx Cosh[3dx] -12a>de®“xCosh[3dx] -18a%d%x?Cosh[3dx] +

anC+dX
18 d? e®“ x> Cosh[3dx] - 216a’bd? e’ x* Log[1 + | -
be- (a2+b2> e%¢
a(EZCerx
432b3d* e x? Log |1+ | -216a%bd? e x?
b e - (a2+b2) elc
a ez c+d x a e2c+dx
Log[1+ | -432b° d? €*“ x? Log[1 + | -
bec+ (a2+b2) e?¢ be+ (a2+b2) e%¢
ae2c+dx
432b (a?+2b?) de’“ xPolylog|2, - ] -
bec- (a2+b2) e?c
ae2c+dx

432b (a?+2b?) de’“ xPolylog|2, -
be®+ (a2+b2) e?¢

a (EZ c+d X

432a%b e Polylog|3, -
be- (a2+b2) e%¢

|+

a (EZ c+d X

864 b> ¢ PolyLog|3, -
be- (a2+b2> e2¢
anC+dX
432a’b e’ Polylog|3, - |+
be+./ (a%+b?) e2¢

a ez c+d X

864 b*> e PolyLog|3, - | +108a% e Sinh[d x] +

be+ (a2+b2> e?¢
432 ab?e?¢Sinh[dx] +108 a® e*¢ Sinh[d x] + 432 ab? e*¢Sinh[d x] +
108 a>de?¢xSinh[dx] +432ab?de?®xSinh[dx] -108 a®d e*¢ x Sinh[d x] -
432ab?de*cxSinh[dx] +54a%>d?e?“x?Sinh[dx] +216 ab®d?e?¢ x?Sinh[d x] +
54 a d? e*¢ x? Sinh[d x] + 216 ab?d? e*¢ x?> Sinh[d x] + 27 a®b e Sinh[2d x] -
27a’be’“Sinh[2dx] +54a’bde®xSinh[2dx] +54a’bd e’ xSinh[2d x] +
54a2bd?e®x?>Sinh[2dx] -54a2bd? e’ x?Sinh[2dx] +4a3Sinh[3dx] +
42%e®°Sinh[3dx] +12a%dxSinh[3dx] -12a*>de®¢xSinh[3dx] +

182 d*x*Sinh[3dx] +18a%d*e®*“x*Sinh[3dx] | (b+aSinh[c+dx]) +
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) . 2blLog[b+aSinh[c+dx]] 2Sinh[c+dx]
e’Csch[c+dx] (b+aSinh[c+dx]) |- ; +
a‘d ad

/

(4 (a+bCschlc+dx])) +
1

a?d? (a+bCsch[c+dx])
efCsch[c+dx] (b+aSinh[c+dx])

~aCosh[c+dx] -b (c+dx) Log[b+aSinh[c+dx]] +

bcLog[l+M}+ib —11(2C+J'17T+2dx)2—
8
1-%—H . 1 . ,
a (1a+b) Cot[*(21c+7r+21dx)]
411Arc$in[7} Ar‘cTan[ 2 ] -
vz Nrars
1. 1ib
L ] (~b/aZ b7 | ecrdn
~|-2ic+n-2idx+4ArcSin[———]| Log[1+ | -
2 V2 a
1+%2 2 2 d
1 a (b+\/a +b )e“x
~|-2ic+nr-2idx-4ArcSin[ ————]| Log[1- +
2 V2 a

(E_i(udx)

Log[b+aSinh[c+dx]] +1i [Polylog|2,
2

[b++/a7 b7 | ecrex

a

Polylog|2, ||| +adxSinh[c+dx]| +

e*Csch[c+dx] (b+aSinh[c+dx])

4 (ab+2b%) Log[b+aSinh[c+dx]] 2 (a®?+4b?)Sinh[c+dx] 2Sinh[3 (c+dx)]|
+ +

a*d a3d 3ad

|/
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1
36a%d? (a+bCsch[c+dx])
efCsch[c+dx] (b+aSinh[c+dx])

(8 (a+bCschlc+dx])) +

-184a (a’ +4b?) Cosh[c+dx] -18a’bdx Cosh[2 (c+dx)] -2a’Cosh|[3 (c+dx)] +

aSinh[c+dx}} 793 c L {1 aSinh[c+dx]
—_— |+ clog|l+ —————

| -36a%b
b b

36a’bclog|l+

14 it
a (ja+b>Cot[ (2]‘1C+7r+211dx)]

1
71(2c+jn+2dx)274Ar‘cSin[7}Ar‘cTan[ 4 ]+

8 \/7 V a? +b?

ib
1 1+ a (—b+m) ecrdx
~|2c+in+2dx+4iArcSin[———]| Log[1+ |+
2 V2 a
14 1

1 a (b+m) ecrdx
~|2c+in+2dx-41iArcSin[——]| Log[1- ] -
2 V2 a

1 (ia+b) Cot[* (2ic+n+2idx)]
——(2c+i7r+2dx)2—4Ar‘cSin[7}Ar‘cTan[ 4 ]+

8 \/? v a?+b?

ib
1 1+ a (—b+\/a2+b2 ) ecrdx
~|2c+in+2dx+4iArcSin[———]| Log[1+ ]+
2 a

%
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1 a
~|2c+in+2dx-41iArcSin[———]| Log|1-
2

1
~imLog[b+aSinh[c+dx]] +PolylLog|2, |+
2 a

(b+m) ecrdx

a

Polylog|2,

1|+

18a (a®+4b’) dxSinh[c+dx] +9a’bSinh[2 (c+dx)]| +6a’dxSinh[3 (c+dx) |

Problem 28: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(e+fx) Cosh[c+dx]?
j dx

a+bCschc+dx]

Optimal (type 4, 400 leaves, 18 steps):

bfx b (a?2+b?) (e+fx)? 2fCosh[c+dx] b2fCosh{c+dx] FCoshfc+dx]3
_ N _ _ _

43%d 2a%f 3 ad? a’d? 9ad?
b(a2+b?) (e+fx)Log[l+ 221 b (a2+b2) (e+fx) Log[1l+ 22—
(a%+b%) e+ Fx] [+b4/az+b2]7 (% +02) (e Fx] [+b+\/m _
a*d a4 d
b (a? + b2) fPolylog[2, - <] b (a?+b?) fPolylog[2, - 22—
| ) [ b—\/m] ( ) [ b/ a2+b? )
a4d2 - a4d2 *
2 (e+fx)Sinh[c+dx] b?(e+fx]Sinh[c+dx] bfCosh[c+dx]Sinh[c+dx]
+ + +
3ad a’d 4 a2 d?

(e+fx) Cosh[c+dx]2Sinh[c+dx] b (e+fx)Sinh[c+dx]?

3ad 2 a%d

Result (type 4, 1315leaves):

36a°bc?f+36b3c?f+36ia’becfr+36ib3cfn-9a’bfFr®-9b3Fn?+
72 a* d?

| 33
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72a’bcdfx+72b3cdfx+36ia’bdfrix+36ib3dfrx+36a’bd>fx>+36b3d?>fx?+

[(Jia+b) Cot[ (2ic+m+2idx)]

[1+ ib
a
288 a’ b f ArcSin| —————| ArcTan |+
N2 \az+b?
1+M . 1 . ,
A a <1a+b)Cot[—<21c+7T+21dX)]

288 b f ArcSin[ ————] ArcTan| 4 ] -

V2

54 af Cosh[c+dx] -72ab?fCosh[c+dx] -18a’bdeCosh[2 (c+dx)] -
18a’bdfxCosh[2 (c+dx)|-2a’fCosh[3 (c+dx)] -

(_b+m) ecrdx (mm) ecrdx
5 | -72b% c fLog[1+ 5 ] -

(b e /aT B ) e (b /a5 ) et

72a’bcfLog(l+

36ia’bflog|l+

| -361b°frlog[l+

] _

a a
(fb+m) ecrdx (—b+m) ecrdx
72a’bdfxLog[1+ | -72b>dfxLog[1+ | -
a a
1+42 ( a2 1+ b2 +d
a -b++va*+b )ec X
144 i a’b f ArcSin[ —————] Log[1 + |-
vz 2
ib
1+? (—b+ a2+b2)ec*dx
144 i b f ArcSin| ————| Log[1 + |-
vz a

(mm) ecrdx (mm) ecrdx
| -72b% c f Log[1- |-

a a
(b4 Vot s b7 ) et
| -36ib%frlog[l-

a a

b+ /a2 b7 ) ecrox

72a’bcfLog[1l-

36ia’bfrLlog[l-

72a’bdfxLog|1- | -72b>d fx Log|1-

a a
ib
1+ (bm/m)e“dx
144 i a® b f ArcSin[ ————| Log[1 - ]+
V2 a
ib
1+? (b-%—m)eﬁdx
144 i b? f ArcSin| ——] Log[1 - | -72a’bdelog[b+aSinh[c+dx]] -
V2 a

72b3delog[b+aSinh[c+dx]] +361ia’bfrLog[b+aSinh[c+dx]] +
aSinh[c+dx}}
- | +

361 b*>flog[b+aSinh[c+dx]] +72a’bcfLog(l+
b
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aSinh[c+dXx]

b-+a2i+b? ec+dx
" | -72b (a® +b?) fPolyLog|2, ( )
a

<b+\m> ecrdx

a
72ab?deSinh[c+dx] +54a>dfxSinh[c+dx] +72ab?>dfxSinh[c+dx] +

72b%cflog[l+

} _

72b (a® +b?) f PolylLog|2, | +54a*deSinhc+dx] +

9a’bfsinh[2 (c+dx)] +6a’deSinh[3 (c+dx)|+6a*dfxSinh[3 (c+dx)]

| 35
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Summary of Integration Test Results

29 integration problems

\

A - 15 optimal antiderivatives

B - 1 more than twice size of optimal antiderivatives
C - 12 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - 1integration timeouts



